Abstract. Complex geometric properties of continuously quasi-normed spaces are introduced and their relationship to their analogues in real Banach spaces is discussed. It is shown that these properties lift from a continuously quasi-normed space X to L p (µ, X), for 0 < p < ∞. Local versions of these properties and results are also considered.
Introduction
There are many papers in the literature dealing with the problem of lifting a property of a Banach space X to the Lebesgue-Bochner function spaces L p (µ, X), for 1 < p < ∞. In particular, several of these articles deal with lifting a geometric property of X to L p (µ, X) (see the survey paper of Smith [10] and the references therein). Specifically, it is now well-known that strict convexity, uniform convexity, local uniform convexity, and midpoint local uniform convexity all lift from X to L p (µ, X) when 1 < p < ∞. In the late 1960's and early 1970's Sundaresan [12, 13] and Johnson [7] considered local versions of these results. One such result was that of Johnson [7] , where it was shown that if X is a separable Banach space and f is a norm 1 element of L p (µ, X), for 1 < p < ∞, then f is an extreme point of the unit ball of L p (µ, X) if and only if f (ω)/ f (ω) is an extreme point of B X for µ-almost all ω in the support of f . Later, Greim [4] showed that the separability condition on X was essential. Results of a similar ilk can be found in [5, 9, 10] .
In the early 1980's, much work in the area of the geometry of Banach spaces was directed at the complex geometry of complex Banach spaces. Davis, Garling, and Tomczak-Jaegermann [1] introduced the notion of uniform PL-convexity as a complex analogue of uniform convexity in real Banach spaces. Uniform PLconvex spaces exhibit some of the nice features enjoyed by uniform convex spaces, but it is unknown whether a Banach space which is uniformly PL-convex can be renormed to be uniformly PL-convex, where the modulus of uniform PL-convexity is of power type [1] . Xu [15] offered his own complex analogue of uniform convexity called uniform H-convexity. He showed that if a Banach space is uniformly Hconvex, then it can be equivalently renormed to be uniformly H-convex where the modulus of uniform H-convexity is of power type [15] . Both of these "complex uniform convexity" properties are not measures of convexity but rather measures of subharmonicity and so it was possible to define these properties not only for Banach spaces but for continuously quasi-normed spaces (see section 2). The complex analogue of strict convexity is complex strict convexity. Complex strict convexity was introduced by Thorp and Whitley [14] for complex Banach spaces, and is a measure of convexity. However, it was shown by Dilworth [2] , that it can be viewed as a measure of subharmonicity.
There are some lifting results known for these complex geometric properties. For example, if X is a continuously quasi-normed space which is uniformly PLconvex (respectively, uniformly H-convex), then L p (µ, X) is uniformly PL-convex (respectively, uniformly H-convex), for 0 < p < ∞ [1] (respectively, [14] ). If X is a Banach space which is complex strictly convex, then L p (µ, X) is complex strictly convex for 0 < p < ∞ [2] . This last result is somewhat unsatisfactory because the requirement that X be a Banach space is too restrictive. In particular, the result provides no information about the complex strict convexity of
and L q (µ) are both complex strictly convex. The result has not been improved because of the lack of a suitable definition of complex strict convexity in continuously quasi-normed spaces. We will remedy the situation in this paper.
In section 2, we introduce the notion of complex strict convexity of a continuously quasi-normed space and more generally introduce the notion of a complex extreme point of the unit ball of a continuously quasi-normed space, which is the complex analogue of an extreme point of the unit ball of a Banach space. We also introduce the notion of complex strongly extreme point and analytic denting point which are complex analogues of strongly extreme point and denting point, respectively. Analytic denting points were motivated by the characterization of denting points in [3] . In section 3, we prove lifting results for these properties from a continuously quasi-normed space X to L p (µ, X) where 0 < p < ∞. The statements of these results are similar to their real counterparts [5, 7, 9, 10 & 11] but the proofs are quite different, and in fact, the proofs can be modified to recover their corresponding real analogues.
Preliminaries and definitions
A quasi-normed space is a pair (X, · ) where X is a vector space and · is a function on X with values in R + satisfying (a) λx = |λ| x for all scalars λ and all x in X; (b) there exists C > 0 such that x + y ≤ C [ x + y ] for all x and y in X;
and, (c) x = 0 if and only if x = 0. The smallest C for which (b) holds is called the quasi-norm constant of (X, · ).
A quasi-normed space (X, · ) is said to be a continuously quasi-normed space if · is uniformly continuous on the bounded subsets of X. We shall call a complete continuously quasi-normed space a continuous quasi-Banach space. A continuous quasi-Banach space (X, · ) is said to be locally PL-convex if log · is a plurisubharmonic function on
If X is a continuous quasi-Banach space, then B X will denote the unit ball of X and S X will denote the unit sphere of X.
Throughout this paper, D will denote the open unit disc in the complex plane, and T will denote its boundary. Definition 1. Let X be a complex Banach space and let x ∈ S X . Then x is called a complex extreme point of B X if for every non-zero y ∈ X, there exists z ∈ D so that x + zy > 1.
A Banach space is said to be complex strictly convex if every element of S X is a complex extreme point of B X .
The following characterization of complex extreme points can be found in [8] .
Theorem 2. Let X be a complex Banach space and let x ∈ S X . Then the following conditions are equivalent:
2π > 1. From Theorem 2, we are naturally led to the following: Definition 3. Let X be a continuous quasi-Banach space. A point x ∈ S X is said to be a complex extreme point of B X if for each non-zero y ∈ X,
We say that X is complex strictly convex if every element of S X is a complex extreme point of B X .
Remarks.
1. Clearly Definitions 1 and 3 are equivalent in Banach spaces because of Theorem 2. 2. Let X be a locally PL-convex continuous quasi-Banach space. A point x ∈ S X is a complex extreme point of B X if and only if for some 0 < p < ∞ (or for all 0 < p < ∞) and all non-zero y ∈ X, 2π 0
x + e iθ y p dθ 2π > 1. This follows from [1,Theorem 2.4]. 3. Note that to obtain the result in Remark 2 one can relax the condition that X is locally PL-convex, by only insisting that the function log x + zy is a subharmonic in the complex variable z for each y ∈ X. However, in most applications one deals with locally PL-convex continuous quasi-Banach spaces, so from now on we will restrict our attention to that class of spaces. A strengthening of the notion of complex extreme point is the following: Definition 4. Let X be a locally PL-convex continuous quasi-Banach space. A point x ∈ S X is said to be a complex strongly extreme point of B X if for each ε > 0, there is δ > 0 so that 2π 0
x + e iθ y dθ 2π ≥ 1 + δ, whenever y ∈ X and y ≥ ε. Remarks.
1. A point x ∈ S X is a complex strongly extreme point of B X if and only if for some 0 < p < ∞ (or for all 0 < p < ∞) the following condition holds:
for each ε > 0, there is δ p > 0 so that 2π 0
x + e iθ y p dθ 2π ≥ 1 + δ p , whenever y ∈ X and y ≥ ε.
This follows from [1, Theorem 2.4].
2. If X is a complex Banach space, then a point x ∈ S X is a complex strongly extreme point of B X if and only if for each ε > 0, there is δ > 0 such that for each y ∈ X with y ≥ ε, there is z ∈ D with x + zy ≥ 1 + δ. See [2, Proposition 2.2; 6, Theorem 7]. 3. It is clear from Remark 2 that the notion of a complex strongly extreme point in a complex Banach space is the analogue of a strongly extreme point of a real Banach space. It should be noted that complex strongly extreme points are the local analogues of uniform PL-convexity [1] . The local analogue of uniform H-convexity (see [3] ) is the following: Definition 5. Let X be a locally PL-convex continuous quasi-Banach space. A point x ∈ S X is said to be an analytic denting point of B X if for each ε > 0, there is δ > 0 so that
0 ≤ k ≤ n and n ∈ N, with a 0 = x and 2π 0
1. A point x ∈ S X is an analytic denting point of B X if and only if for some 0 < p < ∞ (or for all 0 < p < ∞) the following condition holds:
for each ε > 0, there is δ p > 0 so that
and n ∈ N, with a 0 = x and (
This follows by modifying a result of [16,
Thus we have the following equivalent formulation of an analytic denting point:
x ∈ S X is an analytic denting point of B X if and only if for each ε > 0, there is δ > 0 so that
A similar characterization of an analytic denting point can also be obtained in terms of H p (T, X)-functions using Remark 1. 3. It is clear from the definitions that analytic denting points are complex strongly extreme points. The converse is not true as the following example shows. Define
Note that for each z ∈ T, f n (z) ∞ = 1 rn ,f n (0) = (1, 1, 1, . ..) and f n is analytic on D.
Hence f n ∈ H 1 (T, ∞ ) and f n 1 = 1 rn , so lim n→∞ f n 1 = 1. However
Thus x is not an analytic denting point of B X .
Lifting theorems
Throughout this section (Ω, Σ, µ) will denote a positive, complete measure space. If X is a continuous quasi-Banach space and 0 < p < ∞, then L p (µ, X) is the Lebesgue-Bochner space of all (equivalence classes of) strongly measurable functions f : Ω → X for which f Lp(µ,X) < ∞, where
, when X is the scalar field.
Theorem 7. Let X be a locally PL-convex continuous quasi-Banach space, let 0 < p < ∞, and let f ∈ S L p (µ,X) . Then f is a complex strongly extreme (respectively, analytic denting) point of B L p (µ,X) if and only if
is a complex strongly extreme (respectively, analytic denting) point of B X , for µ-almost all ω ∈ supp f = {ω ∈ Ω : f(ω) = 0}.
Proof. We will prove the theorem for analytic denting points; the result for complex strongly extreme points follows in a similar manner.
Suppose that for µ-almost all X) ) with lim n→∞ G n + f p = 1, and G n (0) = 0. To show that f is an analytic denting point of B L p (µ,X) it suffices to show that lim n→∞ G n p = 0. Since G n (0) = 0, G n (0) (ω) = 0 for µ-almost all ω ∈ Ω. Hence
Note that g n (ω) ≥ f(ω) for µ-almost all ω ∈ Ω and
Hence, there is a subsequence {g n k } ∞ k=1 of {g n } ∞ n=1 converging pointwise µ-almost everywhere to f .
Note that
is an analytic denting point of B X for µ-almost all ω ∈ supp f .
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(where C is the quasi-norm constant of X)
we have by a variation of the Lebesgue Dominated Convergence Theorem that
By repeating this argument for each subsequence of
we conclude that G n p − → n 0. Therefore, f is an analytic denting point of B L p (µ,X) .
Conversely, suppose that
is not an analytic denting point of B X } is not a µ-null set. Then µ * (E) > 0, where µ * is the outer measure of µ. Define
Clearly, E = ∞ n=1 E n and so there is n 0 ∈ N such that µ * (E n0 ) > 0. Without loss of generality we can also assume that µ * (E n0 ) < ∞. Therefore, there exists 
Since f is measurable and µ(F ) > ε 0 , there exists pairwise disjoint, measurable subsets F 1 , ..., F k of F each of positive µ-measure and
,Ĝ(0) = 0, and
On the other hand, for all ω ∈ Ω
where the first inequality follows from the fact that
, and the last inequality follows because f (ω) ≤ 2n 0 C and
Consequently,
It follows that for each n ∈ N, there exists
Hence f is not an analytic denting point of B L p (µ,X) . Clearly, if ω ∈ Ω\ supp f then g(ω) = 0, and since f (ω)/ f (ω) is a complex extreme point of B X for µ-almost all ω ∈ supp f, g(ω) = 0 in L p (µ, X) and so f is a complex extreme point of B L p (µ,X) .
(b) Suppose that E = {ω ∈ supp f : f (ω)/ f (ω) is not a complex extreme point of B X } is not a µ-null set. Then µ * (E) > 0, where µ * is the outer measure of µ. Define E n = {ω ∈ Ω : f(ω) < n and there is y ∈ X with 1 n < y < n, and Then E = ∞ n=1 E n . Hence there is n 0 ∈ N such that µ * (E n0 ) > 0. Without loss of generality we may assume that µ * (E n0 ) < ∞. Therefore, there exists F ∈ Σ such that E n0 ⊂ F, µ(F ) = µ * (E n0 ) and f(ω) < n 0 for all ω ∈ F .
